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Abstract
In this paper, we consider the problem of output range analysis for feed-forward
neural networks with ReLU activation functions. The existing approaches reduce
the output range analysis problem to satisfiability and optimization solving, which
are NP-hard problems, and whose computational complexity increases with the
number of neurons in the network. To tackle the computational complexity, we
present a novel abstraction technique that constructs a simpler neural network
with fewer neurons, albeit with interval weights called interval neural network
(INN), which over-approximates the output range of the given neural network. We
reduce the output range analysis on the INNs to solving a mixed integer linear
programming problem. Our experimental results highlight the trade-off between
the computation time and the precision of the computed output range.
1 Introduction
Neural networks are extensively used today in safety critical control systems such as autonomous
vehicles and airborne collision avoidance systems [1, 16, 17, 18]. Hence, rigorous methods to ensure
correct functioning of neural network controlled systems is imperative. Formal verification refers to a
broad class of techniques that provide strong guarantees of correctness by exhibiting a proof. Formal
verification of neural networks has attracted a lot of attention in the recent years [2, 5, 18, 28, 29, 31].
However, verifying neural networks is extremely challenging due to the large state-space, and the
presence of nonlinear activation functions, and the verification problem is known to be NP-hard for
even simple properties [18].
Our broad objective is to investigate techniques to verify neural network controlled physical systems
such as autonomous vehicles. These systems consist of a physical system and a neural network
controller that are connected in a feedback, that is, the output of the neural network is the control
input (actuator values) to the physical system and the output of the physical system (sensor values) is
input to the neural network controller. An important verification problem is that of safety, wherein,
one seeks to ensure that the state of the neural network controlled system never reaches an unsafe set
of states. This is established by computing the reachable set, the set of states reached by the system,
and ensuring that the reach set does not intersect the unsafe states. An important primitive towards
computing the reachable set is to compute the output range of a neural network controller given a set
of input valuations.
In this paper, we focus on neural networks with rectified linear unit (ReLU) function as an activation
function, and we investigate the output range computation problem for feed-forward neural net-
works [5]. Recently, there have been several efforts to address this problem that rely on satisfiability
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checking and optimization. Reluplex [18] is a tool that develops a satisfiability modulo theory for
verifying neural networks, in particular, it encodes the input/output relations of a neural network as
a satisfiability checking problem. A mixed integer linear programming (MILP) based approach is
proposed in [5, 7] to compute the output range. These approaches construct constraints that encode
the neural network behavior, and check satisfiability or compute optimal values over the constraints.
The complexity of verification depends on the size of the constraints which in turn depends on the
number of neurons in the neural network.
To increase the verification efficiency, we present an orthogonal approach that consists of a novel
abstraction procedure to reduce the state-space (number of neurons) of the neural network. Abstraction
is a formal verification technique that refers to methods for reducing the state-space while providing
formal guarantees of properties that are preserved by the reduction. One of the well-studied abstraction
procedures is predicate abstraction [4, 12] that consists of partitioning the state-space of a given
system into a finite number of regions, and constructing an abstract system that consists of these
regions as the states. Predicate abstraction has been employed extensively for safety verification,
since, the safety of the abstract system is sound, that is, it implies the safety of the given system.
Our main result consists of a sound abstraction that in particular over-approximates the output range
of a given neural network. Note that an over-approximation can still provide useful safety analysis
verdicts, since, if a superset of the reachable set does not intersect with the unsafe set, then the actual
reachable set will also not intersect the unsafe set. The abstraction procedure essentially merges
sets of neurons within a particular layer, and annotates the edges and biases with interval weights
to account for the merging. Hence, we obtain a neural network with interval weights, which we
call interval neural networks (INNs). While interval neural networks are more general than neural
networks, we show as a proof of concept that the satisfiability and optimization based verification
approaches can be extended to INNs by extending the MILP based encoding in [5] for neural networks
to interval neural networks and use it to compute the output range of the abstract INN. We believe that
other methods such as Reluplex can be extended to handle interval neural network, and hence, the
abstraction procedure presented here can be used to reduce the state-space before applying existing
or new verification algorithms for neural networks. An abstract interpretation based method has been
explored in [11], wherein an abstract reachable set is propagated. However, our approach has the
flavor of predicate abstraction [12] and computes an over-approximate system which can then be
used to compute an over-approximation of the output range using any of the above methods including
the one based on abstract interpretation [11].
The crucial part of the abstraction construction consists of appropriately instantiating the weights
of the abstract edges. In particular, a convex hull of the weights associated with the concrete
edges corresponding to an abstract edge does not guarantee soundness, which is shown using a
counterexample in Section 3.1. We need to multiply the convex hull by a factor equivalent to the
number of merged nodes in the source abstract node. The proof of soundness is rather involved, since,
there is no straightforward relation between the concrete and the abstract states. We establish such a
connection, by associating a set of abstract valuations with a concrete valuation for a particular layer,
wherein, the abstract valuation for an abstract node takes values in the range given by the concrete
valuations for the related concrete nodes. The crux of the proof lies in the observation (Proposition 1)
that the behavior of a concrete valuation is mimicked in the abstract valuation by an average of the
concrete valuations at the nodes corresponding to an abstract node. We conclude that the input/output
relation associated with a certain layer of the concrete system is over-approximated by input/output
valuations of the corresponding layer in the abstract system.
We have implemented our algorithm in a Python toolbox. We perform experimental analysis on
the ACAS [15] case study, and observe that the verification time increases with the increase in the
number of abstract nodes, however, the over-approximation in the output range decreases. Further,
we notice that the output range can vary non-trivially even for a fixed number of abstract nodes, but
different partitioning of the concrete nodes for merging. This suggests that further research needs
to be done to understand the best strategies for partitioning the state-space of neurons for merging,
which we intend to explore in the future.
Related work. Recent studies [2, 10, 14, 21, 29, 30] compare several neural network verification
algorithms. Formal verification of feedforward neural networks with different activation functions
have been considered. For instance, [11, 18] consider ReLU, where as [22, 23] consider large class
of activation functions that can be represented as Lipschitz-continuous functions. We focus on ReLU
2
functions, but our method can be extended to more general functions. Different verification problems
have been considered including output range analysis [6, 8, 14, 22, 26, 27], and robustness analysis
[11, 20]. Verification methods include those based on reduction to satisfiability solving [10, 14, 18],
optimizaiton solving [9], abstract interpretation [23, 24], and linearization [10, 21]. There is some
recent work on verification of AI controlled cyber-physical systems [13, 25]
2 Interval Neural Network
A neural network (NN) is a computational model that consists of nodes (neurons) that are organized
in layers and edges which are the connections between the nodes labeled by weights. An NN contains
an input layer, some hidden layers, and an output layer each composed of neurons. Given values
to the nodes in the input layer, the values at the nodes in the next layer are computed through a
weighted sum dictated by the edge weights and the addition of the bias associated with the output
node followed by an activation operation which we will assume is the ReLU (rectifier linear unit)
function. In this section, we introduce interval neural networks INN that generalize neural networks
with interval weights on edges and biases and will represent our abstract systems.
Preliminaries. Let R denote the set of real numbers. Given a non-negative integer k, let [k] denote
the set {0, 1, · · · , k}. Given a set A, |A| represents the number of elements of A. For any two
functions f, g : A→ R, we say f ≤ g if ∀s ∈ A, f(s) ≤ g(s). We denote the ReLU function by σ,
which is defined as σ(x) = max(0, x). Given two binary relations R1 ⊆ A×B and R2 ⊆ B × C,
we define their composition, denoted by R1 ◦R2, to be {(u, v) | ∃w, (u,w) ∈ R1 and (w, v) ∈ R2}.
For any set S, a valuation over S is a function f : S → R. We define Val(S) to be the set of all
valuations over S. A partition R of the set A is a set R = {R1, . . . , Rk} such that
⋃k
i=1Ri = A and
Ri ∩Rj = ∅ ∀i, j ∈ {1, . . . , k} and i 6= j.
Definition 1 (Interval Neural Network). An interval neural network (INN) is a tuple (k, {Si}i∈[k],
{W li ,Wui }i∈[k−1], {bli, bui }i∈[k]/{0}), where
- k is a natural number which we refer to as the number of layers;
- ∀i ∈ [k], Si is a set of nodes of i-th layer in the interval neural network such that ∀i 6= j, Si∩Sj =
∅. S0 is the input layer, Sk is the output layer and Si, ∀i ∈ [k]/{0, k} is a hidden layer;
- ∀i ∈ [k − 1], W li ,Wui : Si × Si+1 → R represent the weights of the edges between the i-th and
i+ 1-th layer. We assume that ∀i ∈ [k− 1], si ∈ Si, si+1 ∈ Si+1, W li (si, si+1) ≤Wui (si, si+1);
- ∀i ∈ [k]/{0}, bli, bui : Si → R are the biases associated with the nodes in the i-th layer, that is,
∀i ∈ [k]/{0}, si ∈ Si, bli(si) ≤ bui (si).
A neural network can be defined as a special kind of INN where the weights and biases are singular
intervals.
Definition 2 (Neural Network). An INN T is a neural network (NN) if ∀i ∈ [k − 1], s ∈ Si, s′ ∈
Si+1, W
l
i (s, s
′) = Wui (s, s
′), and ∀i ∈ [k]/{0}, s ∈ Si, bli(s) = bui (s).
Figure 1 shows a neural network with 3 layers. The input layer has 2 nodes, the output layer has
Figure 1: A neural network Figure 2: An interval neural network
1 node, and each of the hidden layers has 3 nodes. The weights on the edges are a single number
3
(singular intervals), hence, it is a neural network. Figure 2 shows an interval neural network again
with 3 layers. The input and output layers have the same number of nodes as before, but the hidden
layers have 2 nodes each. The weights on the edges are intervals (and non-singular), so this is an
interval neural network (rather than just a neural network).
An execution of the neural network starts with valuations to the input nodes, and the valuations to
the nodes of a certain layer are computed based on the valuations for the nodes in the previous layer.
More precisely, to compute the value at a node si,j corresponding to the j-th node in the layer i, we
choose a weight from the interval for each of the incoming nodes and compute a weighted sum of the
valuations of the nodes in the previous layer. Then a bias is chosen from the bias interval associated
with si,j and added to the weighted sum. Finally, the ReLU function is applied on this sum. The
execution then proceeds to the next layer. The semantics of the neural network is captured using a set
of pairs of input-output valuations wherein the output valuation is a possible result starting from the
input valuation and executing the neural network. Next, we define the semantics of an INN as a set of
valuations for the input and output layers.
Definition 3 (Semantics of INN Network). Given an INN T = (k, {Si}i∈[k],
{W li ,Wui }i∈[k−1], {bli, bui }i∈[k]/{0}) and i ∈ [k − 1], [|T |]i = {(v1, v2) ∈ Val(Si) × Val(Si+1) |
∀s′ ∈ Si+1, v2(s′) = σ(
∑
s∈Si ws,s′ v1(s)+bs′), whereW
l
i (s, s
′) ≤ ws,s′ ≤Wui (s, s′), bli(s′) ≤
bs′ ≤ bui (s′)}. We define [|T |] = [|T |]0 ◦ [|T |]1 ◦ · · · ◦ [|T |]k−1.
The semantics can be captured alternately using a post operator, that given a valuation of layer i,
returns the set of all valuations of layer i+ 1 that are consistent with the semantics.
Definition 4. Given an INN T with k layers, i ∈ [k − 1] and V ⊆ Val(Si), we define PostT ,i(V ) =
{v′ | ∃v ∈ V, (v, v′) ∈ [|T |]i}. Given V ⊆ Val(S0), we define PostT (V ) = {v′ | ∃v ∈ V, (v, v′) ∈
[|T |]}.
For notational convenience, we will write PostT ,i({v}) and PostT ({v}) as just PostT ,i(v) and
PostT (v), respectively.
Our objective is to find an over-approximation of the values the output neurons can take in an interval
neural network, given a set of valuations for the input layer.
Problem 1 (Output range analysis). Given an INN T with k layers and a set of input valuations
I ⊆ Val(S0), compute valuations l, u ∈ Val(Sk) such that ∀(v1, v2) ∈ [|T |] if v1 ∈ I then l(s) ≤
v2(s) ≤ u(s) for every s ∈ Sk.
3 Our Approach
In this section, we present an abstraction based approach for over-approximating the output range of
an interval neural network. First, in Section 3.1, we describe the construction of an abstract system
whose semantics over-approximates the semantics of a given INN and argue the correctness of the
construction. In Section 3.2, we present an encoding of the interval neural network to mixed integer
linear programming that enables the computation of the output range.
3.1 Abstraction of an INN
The motivation for the abstraction of an INN is to reduce the “state-space”, the number of neurons in
the network, so that computation of the output range can scale to larger INNs. Our broad idea consists
of merging the nodes of a given concrete INN so as to construct a smaller abstract INN. However,
it is crucial that we instantiate the weights on the edges and the biases appropriately to ensure that
the semantics of the abstracted system is an over-approximation of the concrete INN. For instance,
consider the neural network in Figure 3 and consider an input value 1. It results in an output value of
2. Figure 4 abstracts the neural network in Figure 3 by taking the convex hull of the weights on the
concrete edges corresponding to the abstract edge. However, given input 1, the output of the abstract
neural network is 1 and does not contain 2. Hence, we need to be careful in the construction of the
abstract system.
Given two sets of concrete nodes from consecutive layers of the INN, sˆ1 and sˆ2, which are each
merged into one abstract node, we associate an interval with the edge between sˆ1 and sˆ2 to be the
interval [|sˆ1|w1, |sˆ1|w2], where w1 and w2 are the minimum and maximum weights associated with
the edges in the concrete system between nodes in sˆ1 and sˆ2, respectively, and |sˆ1| is the number
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Figure 3: A concrete neural network
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Figure 4: An incorrect abstraction
of concrete nodes corresponding to the abstract node sˆ1. In other words, [w1, w2] is the convex
hull of the intervals associated with the edges between nodes in sˆ1 and sˆ2 multiplied by a factor
corresponding to the number of concrete nodes corresponding to the source abstract node. Note that
the above abstraction will lead to a weight of 2 on the second edge in Figure 4, thus leading to an
output of 2 as in the concrete system.
Next, we formally define the abstraction. We say that P = {Pi}i∈[k] is a partition of T , if for every i,
Pi is a partition of the Si, the nodes in the i-th layer of T .
Definition 5 (Abstract Neural Network). Given an INN T = (k, {Si}i∈[k],
{W li ,Wui }i∈[k−1], {bli, bui }i∈[k]/{0}) and a partition P = {Pi}i∈[k] of T , we define an INN
T/P = (k, {Sˆi}i∈[k], {Ŵ li , Ŵui }i∈[k−1], {bˆli, bˆui }i∈[k]/{0}), where
- ∀i ∈ [k], Sˆi = Pi;
- ∀i ∈ [k−1], sˆi ∈ Sˆi, sˆi+1 ∈ Sˆi+1, Ŵ li (sˆi, sˆi+1) = |sˆi|min {W li (si, si+1) | si ∈ sˆi, si+1 ∈ sˆi+1}
and Ŵui (sˆi, sˆi+1) = |sˆi| max {Wui (si, si+1) | si ∈ sˆi, si+1 ∈ sˆi+1};
- ∀i ∈ [k]/{0}, sˆi ∈ Sˆi, bˆli(sˆi) = min {bli(si) | si ∈ sˆi} and bˆui (sˆi) = max {bui (si) | si ∈ sˆi}.
Figure 2 shows the abstraction of the neural network in Figure 1, where the nodes s1,1 and s1,2 are
merged and the nodes s2,1 and s2,2 are merged. Note that the edge from {s1,1, s1,2} to {s2,1, s2,2}
has weight interval [14, 22], which is obtained by taking the convex hull of the four weights 7, 10, 8
and 11, and multiplying by 2, the size of the source abstract node.
The following theorem states the correctness of the construction of T/P . It states that every in-
put/output valuation that is admitted by T is also admitted by T/P , thus establishing the soundness
of the abstraction.
Theorem 1. Given an INN T = (k, {Si}i∈[k], {W li ,Wui }i∈[k−1], {bli, bui }i∈[k]/{0}) and a partition
P = {Pi}i∈[k] of T such that P0 = S0 and Pk = Sk, [|T |] ⊆ [|T/P |].
We devote the rest of the section to sketch a proof of Theorem 1. Broadly, the proof consists of
relating the valuations in the i-th layer of the concrete INN with the i-th layer of the abstract INN.
Note that the nodes in a particular layer of the abstract and the concrete system might not be the same.
The following definition relates states in the concrete system to those in the abstract system.
Definition 6. Given a valuation v ∈ Val(Si), AV(v) = {vˆ ∈ Val(Sˆi) | ∀sˆ ∈ Sˆi,mins∈sˆ v(s) ≤
vˆ(sˆ) ≤ maxs∈sˆ v(s)}.
Given a valuation v of the i-th layer of the concrete system, AV(v) consists of the set of all abstract
valuations of the i-th layer in the abstract system, where each abstract node gets a value which is
within the range of values of the corresponding concrete nodes. Proof of Theorem 1 relies on the
following connection between corresponding layers of the concrete and abstract INNs.
Lemma 1. If (v, v′) ∈ [|T |]i, then AV(v′) ⊆ PostT/P,i(AV(v)).
The proof of Lemma 1 broadly follows the following structure. We first observe that the abstraction
procedure corresponding to edges between layer i and layer i+ 1 can be decomposed into two steps,
wherein we first merge the nodes of the i-th layer and then we merge the nodes of the i+ 1-st layer.
Note that
Ŵ li (sˆi, sˆi+1) = |sˆi| min
si∈sˆi, si+1∈sˆi+1
W li (si, si+1) = min
si+1∈sˆi+1
|sˆi|min
si∈sˆi
W li (si, si+1)
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A similar observation can be made about the max. Hence, our first step consists of a function labs
which merges the nodes in the “left” layer and associates an interval with the edges which corresponds
to computing the convex hull followed by multiplying with an appropriate factor. Next, the function
rabs merges the nodes in the “right” layer and associates an interval which corresponds to only
computing the convex hull. Next, we define these abstraction functions, and state their relation with
the concrete systems.
Definition 7. Given an INN T = (k, {Si}i∈[k], {W li ,Wui }i∈[k−1], {bli, bui }i∈[k]/{0}), j
and P which is a partition of jth layer of T , we define an INN labs(T , j, P ) =
(1, {Sˆi}i∈[1], {Wˆ li , Wˆui }i∈[0], {bˆli, bˆui }i∈{1}), where
- Sˆ0 = P, Sˆ1 = Sj+1;
- ∀sˆ0 ∈ Sˆ0, sˆ1 ∈ Sˆ1, Ŵ l0(sˆ0, sˆ1) = |sˆ0| min {W l0(s0, sˆ1) | s0 ∈ sˆ0}, and Ŵu0 (sˆ0, sˆ1) = |sˆ0| max{Wu0 (s0, sˆ1) | s0 ∈ sˆ0};
- ∀sˆ1 ∈ Sˆ1, bˆl1(sˆ1) = bl1(sˆ1), and bˆu1 (sˆ1) = bu1 (sˆ1).
Figure 5 show the left abstraction of the the neural network in Figure 1 with respect to layer 1, where
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22<latexit sha1_base64="UkfdjDInyNjRTBH7cv0QS8KS69Y=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU 0mKoMeiF48V7Ae0oWy203bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGAturOd9O6WNza3tnfKuu7d/cHhUOT5pmyjRDFssEpHuhtSg4ApblluB3VgjlaHATji9y/3OE2rDI/VoZzEGko4VH3FGbS7V6647qFS9mr cAWSd+QapQoDmofPWHEUskKssENabne7ENUqotZwLnbj8xGFM2pWPsZVRRiSZIF7fOyUWmDMko0lkpSxbq74mUSmNmMsw6JbUTs+rl4n9eL7GjmyDlKk4sKrZcNEoEsRHJHydDrpFZMcsIZZpntxI2oZoym8WTh+CvvrxO2vW a79X8h6tq47aIowxncA6X4MM1NOAemtACBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Vf6NGg==</latexit><latexit sha1_base64="UkfdjDInyNjRTBH7cv0QS8KS69Y=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU 0mKoMeiF48V7Ae0oWy203bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGAturOd9O6WNza3tnfKuu7d/cHhUOT5pmyjRDFssEpHuhtSg4ApblluB3VgjlaHATji9y/3OE2rDI/VoZzEGko4VH3FGbS7V6647qFS9mr cAWSd+QapQoDmofPWHEUskKssENabne7ENUqotZwLnbj8xGFM2pWPsZVRRiSZIF7fOyUWmDMko0lkpSxbq74mUSmNmMsw6JbUTs+rl4n9eL7GjmyDlKk4sKrZcNEoEsRHJHydDrpFZMcsIZZpntxI2oZoym8WTh+CvvrxO2vW a79X8h6tq47aIowxncA6X4MM1NOAemtACBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Vf6NGg==</latexit><latexit sha1_base64="UkfdjDInyNjRTBH7cv0QS8KS69Y=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU 0mKoMeiF48V7Ae0oWy203bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGAturOd9O6WNza3tnfKuu7d/cHhUOT5pmyjRDFssEpHuhtSg4ApblluB3VgjlaHATji9y/3OE2rDI/VoZzEGko4VH3FGbS7V6647qFS9mr cAWSd+QapQoDmofPWHEUskKssENabne7ENUqotZwLnbj8xGFM2pWPsZVRRiSZIF7fOyUWmDMko0lkpSxbq74mUSmNmMsw6JbUTs+rl4n9eL7GjmyDlKk4sKrZcNEoEsRHJHydDrpFZMcsIZZpntxI2oZoym8WTh+CvvrxO2vW a79X8h6tq47aIowxncA6X4MM1NOAemtACBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Vf6NGg==</latexit><latexit sha1_base64="UkfdjDInyNjRTBH7cv0QS8KS69Y=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU 0mKoMeiF48V7Ae0oWy203bp7ibsboQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGAturOd9O6WNza3tnfKuu7d/cHhUOT5pmyjRDFssEpHuhtSg4ApblluB3VgjlaHATji9y/3OE2rDI/VoZzEGko4VH3FGbS7V6647qFS9mr cAWSd+QapQoDmofPWHEUskKssENabne7ENUqotZwLnbj8xGFM2pWPsZVRRiSZIF7fOyUWmDMko0lkpSxbq74mUSmNmMsw6JbUTs+rl4n9eL7GjmyDlKk4sKrZcNEoEsRHJHydDrpFZMcsIZZpntxI2oZoym8WTh+CvvrxO2vW a79X8h6tq47aIowxncA6X4MM1NOAemtACBhN4hld4c6Tz4rw7H8vWklPMnMIfOJ8/Vf6NGg==</latexit>
23
<latexit sha1_base64="9lPHhGUAGYq+13ejw5AADddr6jk=">AAAB63icbVBNS8NAEJ34WeNX1aOX xSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLE8GN9bxvZ219Y3Nru7Tj7u7tHxyWj45bJk41wyaLRaw7ITUouMKm5VZgJ9FIZSiwHY7vcr/9hNrwWD3aSYKBpEPFI8 6ozaXapev2yxWv6s1BVolfkAoUaPTLX71BzFKJyjJBjen6XmKDKdWWM4Ezt5caTCgb0yF2M6qoRBNM57fOyHmmDEgU66yUJXP198SUSmMmMsw6JbUjs+zl4n9eN7XRTTDlKkktKrZYFKWC2Jjkj5MB18ismGSE Ms2zWwkbUU2ZzeLJQ/CXX14lrVrV96r+w1WlflvEUYJTOIML8OEa6nAPDWgCgxE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/V4SNGw==</latexit><latexit sha1_base64="9lPHhGUAGYq+13ejw5AADddr6jk=">AAAB63icbVBNS8NAEJ34WeNX1aOX xSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLE8GN9bxvZ219Y3Nru7Tj7u7tHxyWj45bJk41wyaLRaw7ITUouMKm5VZgJ9FIZSiwHY7vcr/9hNrwWD3aSYKBpEPFI8 6ozaXapev2yxWv6s1BVolfkAoUaPTLX71BzFKJyjJBjen6XmKDKdWWM4Ezt5caTCgb0yF2M6qoRBNM57fOyHmmDEgU66yUJXP198SUSmMmMsw6JbUjs+zl4n9eN7XRTTDlKkktKrZYFKWC2Jjkj5MB18ismGSE Ms2zWwkbUU2ZzeLJQ/CXX14lrVrV96r+w1WlflvEUYJTOIML8OEa6nAPDWgCgxE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/V4SNGw==</latexit><latexit sha1_base64="9lPHhGUAGYq+13ejw5AADddr6jk=">AAAB63icbVBNS8NAEJ34WeNX1aOX xSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLE8GN9bxvZ219Y3Nru7Tj7u7tHxyWj45bJk41wyaLRaw7ITUouMKm5VZgJ9FIZSiwHY7vcr/9hNrwWD3aSYKBpEPFI8 6ozaXapev2yxWv6s1BVolfkAoUaPTLX71BzFKJyjJBjen6XmKDKdWWM4Ezt5caTCgb0yF2M6qoRBNM57fOyHmmDEgU66yUJXP198SUSmMmMsw6JbUjs+zl4n9eN7XRTTDlKkktKrZYFKWC2Jjkj5MB18ismGSE Ms2zWwkbUU2ZzeLJQ/CXX14lrVrV96r+w1WlflvEUYJTOIML8OEa6nAPDWgCgxE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/V4SNGw==</latexit><latexit sha1_base64="9lPHhGUAGYq+13ejw5AADddr6jk=">AAAB63icbVBNS8NAEJ34WeNX1aOX xSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLE8GN9bxvZ219Y3Nru7Tj7u7tHxyWj45bJk41wyaLRaw7ITUouMKm5VZgJ9FIZSiwHY7vcr/9hNrwWD3aSYKBpEPFI8 6ozaXapev2yxWv6s1BVolfkAoUaPTLX71BzFKJyjJBjen6XmKDKdWWM4Ezt5caTCgb0yF2M6qoRBNM57fOyHmmDEgU66yUJXP198SUSmMmMsw6JbUjs+zl4n9eN7XRTTDlKkktKrZYFKWC2Jjkj5MB18ismGSE Ms2zWwkbUU2ZzeLJQ/CXX14lrVrV96r+w1WlflvEUYJTOIML8OEa6nAPDWgCgxE8wyu8OdJ5cd6dj0XrmlPMnMAfOJ8/V4SNGw==</latexit>
24<latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbB U0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkobm1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq 1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV 10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AFkKjRw=</latexit><latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbB U0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkobm1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq 1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV 10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AFkKjRw=</latexit><latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbB U0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkobm1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq 1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV 10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AFkKjRw=</latexit><latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbB U0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkobm1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq 1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV 10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS04xcwp/4Hz+AFkKjRw=</latexit>
s1,1
<latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNC HosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0 DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXB dxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNC HosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0 DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXB dxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNC HosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0 DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXB dxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNC HosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0 DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXB dxlOEIjuEUMFxCA26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit>
s1,2
<latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBb Bg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VE PMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0V kjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBb Bg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VE PMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0V kjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBb Bg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VE PMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0V kjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBb Bg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VE PMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0V kjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit>
s1,3
<latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5 TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit><latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5 TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit><latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5 TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit><latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5 TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit>
s2,2
<latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTm dtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMFHM3orIGCtMjM0oD8Fffn mVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit><latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTm dtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMFHM3orIGCtMjM0oD8Fffn mVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit><latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTm dtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMFHM3orIGCtMjM0oD8Fffn mVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit><latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTm dtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMFHM3orIGCtMjM0oD8Fffn mVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit>
s2,1
<latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpz O2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7 xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpz O2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7 xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpz O2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7 xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8Hicb VBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2 nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpz O2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7 xK2vWa79X8+8tq46aIowwncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit>
s2,3
<latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8Hicb VBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8e pIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit><latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8Hicb VBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8e pIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit><latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8Hicb VBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8e pIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit><latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8Hicb VBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8e pIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1 O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7IsNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+Avvr xMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit>
[19, 20]
<latexit sha1_base64="K1xePb/4wsM1U5x/nZ8Iyxm/wTs=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUQb0VvXisYD8kDWW z3bRLdzdhdyOU0l/hxYMiXv053vw3btoctPXBwOO9GWbmRSln2njet7Oyura+sVnacrd3dvf2yweHLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLaj0W3ut5+o0iyRD2ac0lDggWQxI9hY6THwr89rXui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeacIKVYYTTqdv NNE0xGeEBDSyVWFAdTmYHT9GpVfooTpQtadBM/T0xwULrsYhsp8BmqBe9XPzPCzITX4UTJtPMUEnmi+KMI5Og/HvUZ4oSw8eWYKKYvRWRIVaYGJtRHoK/+PIyadWqvlf17y8q9ZsijhIcwwmcgQ+XUIc7aEATCAh4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AA16jpg=</latex it><latexit sha1_base64="K1xePb/4wsM1U5x/nZ8Iyxm/wTs=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUQb0VvXisYD8kDWW z3bRLdzdhdyOU0l/hxYMiXv053vw3btoctPXBwOO9GWbmRSln2njet7Oyura+sVnacrd3dvf2yweHLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLaj0W3ut5+o0iyRD2ac0lDggWQxI9hY6THwr89rXui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeacIKVYYTTqdv NNE0xGeEBDSyVWFAdTmYHT9GpVfooTpQtadBM/T0xwULrsYhsp8BmqBe9XPzPCzITX4UTJtPMUEnmi+KMI5Og/HvUZ4oSw8eWYKKYvRWRIVaYGJtRHoK/+PIyadWqvlf17y8q9ZsijhIcwwmcgQ+XUIc7aEATCAh4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AA16jpg=</latex it><latexit sha1_base64="K1xePb/4wsM1U5x/nZ8Iyxm/wTs=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUQb0VvXisYD8kDWW z3bRLdzdhdyOU0l/hxYMiXv053vw3btoctPXBwOO9GWbmRSln2njet7Oyura+sVnacrd3dvf2yweHLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLaj0W3ut5+o0iyRD2ac0lDggWQxI9hY6THwr89rXui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeacIKVYYTTqdv NNE0xGeEBDSyVWFAdTmYHT9GpVfooTpQtadBM/T0xwULrsYhsp8BmqBe9XPzPCzITX4UTJtPMUEnmi+KMI5Og/HvUZ4oSw8eWYKKYvRWRIVaYGJtRHoK/+PIyadWqvlf17y8q9ZsijhIcwwmcgQ+XUIc7aEATCAh4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AA16jpg=</latex it><latexit sha1_base64="K1xePb/4wsM1U5x/nZ8Iyxm/wTs=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUQb0VvXisYD8kDWW z3bRLdzdhdyOU0l/hxYMiXv053vw3btoctPXBwOO9GWbmRSln2njet7Oyura+sVnacrd3dvf2yweHLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLaj0W3ut5+o0iyRD2ac0lDggWQxI9hY6THwr89rXui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeacIKVYYTTqdv NNE0xGeEBDSyVWFAdTmYHT9GpVfooTpQtadBM/T0xwULrsYhsp8BmqBe9XPzPCzITX4UTJtPMUEnmi+KMI5Og/HvUZ4oSw8eWYKKYvRWRIVaYGJtRHoK/+PIyadWqvlf17y8q9ZsijhIcwwmcgQ+XUIc7aEATCAh4hld4c5Tz4rw7H/PWFaeYOYI/cD5/AA16jpg=</latex it>
[14, 20]
<latexit sha1_base64="eOZ5I2z//vfRm+4K436kc3Q+3K8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBg5SkFO qx6MVjBfuBaSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe0431ZpY3Nre6e8a+/tHxweVY5PuipOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpre533uiUrFYPOhZQv0IjwULGcHaSI+e27hCdce37WGl6tScBdA6c QtShQLtYeVrMIpJGlGhCcdKea6TaD/DUjPC6dwepIommEzxmHqGChxR5WeLi+fowigjFMbSlNBoof6eyHCk1CwKTGeE9UStern4n+elOrz2MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTUh6Cu/ryOunWa65Tc+8b1dZNEUcZ zuAcLsGFJrTgDtrQAQICnuEV3ixlvVjv1seytWQVM6fwB9bnD1zIjr0=</latexit><latexit sha1_base64="eOZ5I2z//vfRm+4K436kc3Q+3K8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBg5SkFO qx6MVjBfuBaSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe0431ZpY3Nre6e8a+/tHxweVY5PuipOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpre533uiUrFYPOhZQv0IjwULGcHaSI+e27hCdce37WGl6tScBdA6c QtShQLtYeVrMIpJGlGhCcdKea6TaD/DUjPC6dwepIommEzxmHqGChxR5WeLi+fowigjFMbSlNBoof6eyHCk1CwKTGeE9UStern4n+elOrz2MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTUh6Cu/ryOunWa65Tc+8b1dZNEUcZ zuAcLsGFJrTgDtrQAQICnuEV3ixlvVjv1seytWQVM6fwB9bnD1zIjr0=</latexit><latexit sha1_base64="eOZ5I2z//vfRm+4K436kc3Q+3K8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBg5SkFO qx6MVjBfuBaSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe0431ZpY3Nre6e8a+/tHxweVY5PuipOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpre533uiUrFYPOhZQv0IjwULGcHaSI+e27hCdce37WGl6tScBdA6c QtShQLtYeVrMIpJGlGhCcdKea6TaD/DUjPC6dwepIommEzxmHqGChxR5WeLi+fowigjFMbSlNBoof6eyHCk1CwKTGeE9UStern4n+elOrz2MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTUh6Cu/ryOunWa65Tc+8b1dZNEUcZ zuAcLsGFJrTgDtrQAQICnuEV3ixlvVjv1seytWQVM6fwB9bnD1zIjr0=</latexit><latexit sha1_base64="eOZ5I2z//vfRm+4K436kc3Q+3K8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBg5SkFO qx6MVjBfuBaSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe0431ZpY3Nre6e8a+/tHxweVY5PuipOJaEdEvNY9gOsKGeCdjTTnPYTSXEUcNoLpre533uiUrFYPOhZQv0IjwULGcHaSI+e27hCdce37WGl6tScBdA6c QtShQLtYeVrMIpJGlGhCcdKea6TaD/DUjPC6dwepIommEzxmHqGChxR5WeLi+fowigjFMbSlNBoof6eyHCk1CwKTGeE9UStern4n+elOrz2MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTUh6Cu/ryOunWa65Tc+8b1dZNEUcZ zuAcLsGFJrTgDtrQAQICnuEV3ixlvVjv1seytWQVM6fwB9bnD1zIjr0=</latexit>
[16, 22]
<latexit sha1_base64="UgLSaEARxURiTy/cuS9xj/X0wYI=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUUY9FLx4r2A9JQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5Ucq ZNp737aysrq1vbJa23O2d3b398sFhSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1odDv1209UaZbIBzNOaSjwQLKYEWys9Bj4l+e1Wui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeaMMfKMMLpxO1mmqaYjPCABpZKLKgO89nBE3RqlT6KE2VLGjRTf0/kWGg9FpHtFNgM9aI3Ff/zgszE12HOZJoZKsl8UZxxZBI0/R71maLE8LElmChmb0VkiBUmxmY0DcFffHmZtGpV36v69xeV+k0RRwmO4QT OwIcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3nrilPMHMEfOJ8/C+qOlw==</latexit><latexit sha1_base64="UgLSaEARxURiTy/cuS9xj/X0wYI=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUUY9FLx4r2A9JQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5Ucq ZNp737aysrq1vbJa23O2d3b398sFhSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1odDv1209UaZbIBzNOaSjwQLKYEWys9Bj4l+e1Wui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeaMMfKMMLpxO1mmqaYjPCABpZKLKgO89nBE3RqlT6KE2VLGjRTf0/kWGg9FpHtFNgM9aI3Ff/zgszE12HOZJoZKsl8UZxxZBI0/R71maLE8LElmChmb0VkiBUmxmY0DcFffHmZtGpV36v69xeV+k0RRwmO4QT OwIcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3nrilPMHMEfOJ8/C+qOlw==</latexit><latexit sha1_base64="UgLSaEARxURiTy/cuS9xj/X0wYI=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUUY9FLx4r2A9JQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5Ucq ZNp737aysrq1vbJa23O2d3b398sFhSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1odDv1209UaZbIBzNOaSjwQLKYEWys9Bj4l+e1Wui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeaMMfKMMLpxO1mmqaYjPCABpZKLKgO89nBE3RqlT6KE2VLGjRTf0/kWGg9FpHtFNgM9aI3Ff/zgszE12HOZJoZKsl8UZxxZBI0/R71maLE8LElmChmb0VkiBUmxmY0DcFffHmZtGpV36v69xeV+k0RRwmO4QT OwIcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3nrilPMHMEfOJ8/C+qOlw==</latexit><latexit sha1_base64="UgLSaEARxURiTy/cuS9xj/X0wYI=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJIUUY9FLx4r2A9JQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5Ucq ZNp737aysrq1vbJa23O2d3b398sFhSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1odDv1209UaZbIBzNOaSjwQLKYEWys9Bj4l+e1Wui6vXLFq3ozoGXiF6QCBRq98le3n5BMUGkIx1oHvpeaMMfKMMLpxO1mmqaYjPCABpZKLKgO89nBE3RqlT6KE2VLGjRTf0/kWGg9FpHtFNgM9aI3Ff/zgszE12HOZJoZKsl8UZxxZBI0/R71maLE8LElmChmb0VkiBUmxmY0DcFffHmZtGpV36v69xeV+k0RRwmO4QT OwIcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3nrilPMHMEfOJ8/C+qOlw==</latexit>
[18, 24]
<latexit sha1_base64="6zqBsLmOBm3uM6Uz1mvHFnRH0N4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BIvgQUpSCvZY9OKxgv2QNJTNdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYHA4/3ZpiZFyaMKu2631ZpY3Nre6e8a+/tHxweVY5PuipOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemF09 vc7z0RqWgsHvQsIQFHY0EjipE20qPvNa/qjcC2h5WqW3MXcNaJV5AqFGgPK1+DUYxTToTGDCnle26igwxJTTEjc3uQKpIgPEVj4hsqECcqyBYHz50Lo4ycKJamhHYW6u+JDHGlZjw0nRzpiVr1cvE/z0911AwyKpJUE4GXi6KUOTp28u+dEZUEazYzBGFJza0OniCJsDYZ5SF4qy+vk2695rk1775Rbd0UcZThDM7hEjy4hhbcQRs6gIHDM7zCmyWtF+vd+li2lqxi5hT+wPr8ARIMjps=</latexit><latexit sha1_base64="6zqBsLmOBm3uM6Uz1mvHFnRH0N4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BIvgQUpSCvZY9OKxgv2QNJTNdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYHA4/3ZpiZFyaMKu2631ZpY3Nre6e8a+/tHxweVY5PuipOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemF09 vc7z0RqWgsHvQsIQFHY0EjipE20qPvNa/qjcC2h5WqW3MXcNaJV5AqFGgPK1+DUYxTToTGDCnle26igwxJTTEjc3uQKpIgPEVj4hsqECcqyBYHz50Lo4ycKJamhHYW6u+JDHGlZjw0nRzpiVr1cvE/z0911AwyKpJUE4GXi6KUOTp28u+dEZUEazYzBGFJza0OniCJsDYZ5SF4qy+vk2695rk1775Rbd0UcZThDM7hEjy4hhbcQRs6gIHDM7zCmyWtF+vd+li2lqxi5hT+wPr8ARIMjps=</latexit><latexit sha1_base64="6zqBsLmOBm3uM6Uz1mvHFnRH0N4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BIvgQUpSCvZY9OKxgv2QNJTNdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYHA4/3ZpiZFyaMKu2631ZpY3Nre6e8a+/tHxweVY5PuipOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemF09 vc7z0RqWgsHvQsIQFHY0EjipE20qPvNa/qjcC2h5WqW3MXcNaJV5AqFGgPK1+DUYxTToTGDCnle26igwxJTTEjc3uQKpIgPEVj4hsqECcqyBYHz50Lo4ycKJamhHYW6u+JDHGlZjw0nRzpiVr1cvE/z0911AwyKpJUE4GXi6KUOTp28u+dEZUEazYzBGFJza0OniCJsDYZ5SF4qy+vk2695rk1775Rbd0UcZThDM7hEjy4hhbcQRs6gIHDM7zCmyWtF+vd+li2lqxi5hT+wPr8ARIMjps=</latexit><latexit sha1_base64="6zqBsLmOBm3uM6Uz1mvHFnRH0N4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69BIvgQUpSCvZY9OKxgv2QNJTNdtMu3d2E3Y1QQn+FFw+KePXnePPfuGlz0NYHA4/3ZpiZFyaMKu2631ZpY3Nre6e8a+/tHxweVY5PuipOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemF09 vc7z0RqWgsHvQsIQFHY0EjipE20qPvNa/qjcC2h5WqW3MXcNaJV5AqFGgPK1+DUYxTToTGDCnle26igwxJTTEjc3uQKpIgPEVj4hsqECcqyBYHz50Lo4ycKJamhHYW6u+JDHGlZjw0nRzpiVr1cvE/z0911AwyKpJUE4GXi6KUOTp28u+dEZUEazYzBGFJza0OniCJsDYZ5SF4qy+vk2695rk1775Rbd0UcZThDM7hEjy4hhbcQRs6gIHDM7zCmyWtF+vd+li2lqxi5hT+wPr8ARIMjps=</latexit>
Figure 5: A left abstraction illustration
15
<latexit sha1_base64="anP+QfgNlWrSV/GFHbTizp32vJs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTm lldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN7nffuLaiFg94CThfkSHSoSCUbTSvXdR6Vdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+hnVKJjk00ovNTyhbEyHvGupohE3fjY7dUpOrDIgYaxtKSQz9fdERiNjJlFgOyOKI7Po5eJ/XjfF8MrPhEpS5IrNF4WpJBiT/G8yEJozlBNLKNPC3krYiGrK0KaTh+AtvrxMHs/qnlv37s5rjesijjIcwTGcggeX0IBbaEILGAzhGV7hzZHOi/Puf MxbS04xcwh/4Hz+ACSJjQg=</latexit><latexit sha1_base64="anP+QfgNlWrSV/GFHbTizp32vJs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTm lldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN7nffuLaiFg94CThfkSHSoSCUbTSvXdR6Vdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+hnVKJjk00ovNTyhbEyHvGupohE3fjY7dUpOrDIgYaxtKSQz9fdERiNjJlFgOyOKI7Po5eJ/XjfF8MrPhEpS5IrNF4WpJBiT/G8yEJozlBNLKNPC3krYiGrK0KaTh+AtvrxMHs/qnlv37s5rjesijjIcwTGcggeX0IBbaEILGAzhGV7hzZHOi/Puf MxbS04xcwh/4Hz+ACSJjQg=</latexit><latexit sha1_base64="anP+QfgNlWrSV/GFHbTizp32vJs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTm lldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN7nffuLaiFg94CThfkSHSoSCUbTSvXdR6Vdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+hnVKJjk00ovNTyhbEyHvGupohE3fjY7dUpOrDIgYaxtKSQz9fdERiNjJlFgOyOKI7Po5eJ/XjfF8MrPhEpS5IrNF4WpJBiT/G8yEJozlBNLKNPC3krYiGrK0KaTh+AtvrxMHs/qnlv37s5rjesijjIcwTGcggeX0IBbaEILGAzhGV7hzZHOi/Puf MxbS04xcwh/4Hz+ACSJjQg=</latexit><latexit sha1_base64="anP+QfgNlWrSV/GFHbTizp32vJs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTm lldW19o7xZ2dre2d2r7h88mjjVjLdYLGPdCajhUijeQoGSdxLNaRRI3g7GN7nffuLaiFg94CThfkSHSoSCUbTSvXdR6Vdrbt2dgSwTryA1KNDsV796g5ilEVfIJDWm67kJ+hnVKJjk00ovNTyhbEyHvGupohE3fjY7dUpOrDIgYaxtKSQz9fdERiNjJlFgOyOKI7Po5eJ/XjfF8MrPhEpS5IrNF4WpJBiT/G8yEJozlBNLKNPC3krYiGrK0KaTh+AtvrxMHs/qnlv37s5rjesijjIcwTGcggeX0IBbaEILGAzhGV7hzZHOi/Puf MxbS04xcwh/4Hz+ACSJjQg=</latexit>
21<latexit sha1_base64="BmZdWRYSVYqfCG65itHnULSx9mw=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mKoMeiF48V7Ae0oWy223bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGEth0fO+nd LG5tb2TnnX3ds/ODyqHJ+0bZQYxlsskpHphtRyKTRvoUDJu7HhVIWSd8LpXe53nrixItKPOIt5oOhYi5FgFHOp7rvuoFL1at4CZJ34BalCgeag8tUfRixRXCOT1Nqe78UYpNSgYJLP3X5ieUzZlI55L6OaKm6DdHHrnFxkypCMIpOVRrJQf0+kVFk7U2HWqShO7KqXi/95vQRHN0EqdJwg12y5aJRIghHJHydDYThDOcsIZUZktxI2oYYyzOLJQ/BXX14n7XrN92r+w1W1cVvEUYYzOIdL8OEaGnAPTWgBgwk8wyu8Ocp5cd6dj 2VrySlmTuEPnM8fVHiNGQ==</latexit><latexit sha1_base64="BmZdWRYSVYqfCG65itHnULSx9mw=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mKoMeiF48V7Ae0oWy223bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGEth0fO+nd LG5tb2TnnX3ds/ODyqHJ+0bZQYxlsskpHphtRyKTRvoUDJu7HhVIWSd8LpXe53nrixItKPOIt5oOhYi5FgFHOp7rvuoFL1at4CZJ34BalCgeag8tUfRixRXCOT1Nqe78UYpNSgYJLP3X5ieUzZlI55L6OaKm6DdHHrnFxkypCMIpOVRrJQf0+kVFk7U2HWqShO7KqXi/95vQRHN0EqdJwg12y5aJRIghHJHydDYThDOcsIZUZktxI2oYYyzOLJQ/BXX14n7XrN92r+w1W1cVvEUYYzOIdL8OEaGnAPTWgBgwk8wyu8Ocp5cd6dj 2VrySlmTuEPnM8fVHiNGQ==</latexit><latexit sha1_base64="BmZdWRYSVYqfCG65itHnULSx9mw=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mKoMeiF48V7Ae0oWy223bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGEth0fO+nd LG5tb2TnnX3ds/ODyqHJ+0bZQYxlsskpHphtRyKTRvoUDJu7HhVIWSd8LpXe53nrixItKPOIt5oOhYi5FgFHOp7rvuoFL1at4CZJ34BalCgeag8tUfRixRXCOT1Nqe78UYpNSgYJLP3X5ieUzZlI55L6OaKm6DdHHrnFxkypCMIpOVRrJQf0+kVFk7U2HWqShO7KqXi/95vQRHN0EqdJwg12y5aJRIghHJHydDYThDOcsIZUZktxI2oYYyzOLJQ/BXX14n7XrN92r+w1W1cVvEUYYzOIdL8OEaGnAPTWgBgwk8wyu8Ocp5cd6dj 2VrySlmTuEPnM8fVHiNGQ==</latexit><latexit sha1_base64="BmZdWRYSVYqfCG65itHnULSx9mw=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mKoMeiF48V7Ae0oWy223bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeGEth0fO+nd LG5tb2TnnX3ds/ODyqHJ+0bZQYxlsskpHphtRyKTRvoUDJu7HhVIWSd8LpXe53nrixItKPOIt5oOhYi5FgFHOp7rvuoFL1at4CZJ34BalCgeag8tUfRixRXCOT1Nqe78UYpNSgYJLP3X5ieUzZlI55L6OaKm6DdHHrnFxkypCMIpOVRrJQf0+kVFk7U2HWqShO7KqXi/95vQRHN0EqdJwg12y5aJRIghHJHydDYThDOcsIZUZktxI2oYYyzOLJQ/BXX14n7XrN92r+w1W1cVvEUYYzOIdL8OEaGnAPTWgBgwk8wyu8Ocp5cd6dj 2VrySlmTuEPnM8fVHiNGQ==</latexit> 24<latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkob m1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS0 4xcwp/4Hz+AFkKjRw=</latexit><latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkob m1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS0 4xcwp/4Hz+AFkKjRw=</latexit><latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkob m1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS0 4xcwp/4Hz+AFkKjRw=</latexit><latexit sha1_base64="PwBDzBWFiMzYtY13pMgmonG7XfM=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0lKQY9FLx4r2FZoQ9lsp+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8MBbcWM/7dkob m1vbO+Vdd2//4PCocnzSMVGiGbZZJCL9GFKDgitsW24FPsYaqQwFdsPpbe53n1AbHqkHO4sxkHSs+IgzanOp3nDdQaXq1bwFyDrxC1KFAq1B5as/jFgiUVkmqDE934ttkFJtORM4d/uJwZiyKR1jL6OKSjRBurh1Ti4yZUhGkc5KWbJQf0+kVBozk2HWKamdmFUvF//zeokdXQcpV3FiUbHlolEiiI1I/jgZco3MillGKNM8u5WwCdWU2SyePAR/9eV10qnXfK/m3zeqzZsijjKcwTlcgg9X0IQ7aEEbGEzgGV7hzZHOi/PufCxbS0 4xcwp/4Hz+AFkKjRw=</latexit>
s1,1
<latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY 33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA 26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY 33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA 26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY 33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA 26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit><latexit sha1_base64="+sjwq8/lTs204ErWbV8TWocMMBY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5SNCHosevFYwdZKu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+N2XYP2vpg4PHeDDPzwkRwY 33/2yutrK6tb5Q3K1vbO7t71f2DtolTTVmLxiLWnZAYJrhiLcutYJ1EMyJDwR7C8U3uPzwxbXis7u0kYYEkQ8UjTol10qPpZ/gMTyuVfrXm1/0Z0DLBBalBgWa/+tUbxDSVTFkqiDFd7Cc2yIi2nAo2rfRSwxJCx2TIuo4qIpkJstnBU3TilAGKYu1KWTRTf09kRBozkaHrlMSOzKKXi/953dRGV0HGVZJapuh8UZQKZGOUf48GXDNqxcQRQjV3tyI6IppQ6zLKQ8CLLy+T9nkd+3V8d1FrXBdxlOEIjuEUMFxCA 26hCS2gIOEZXuHN096L9+59zFtLXjFzCH/gff4AD/uPQA==</latexit>
s1,2
<latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit><latexit sha1_base64="m2DLIuyxZ+YnocFLjyah/fSHiek=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPMv+iPnPdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYKPQQ==</latexit>
s1,3
<latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU 0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit><latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU 0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit><latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU 0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit><latexit sha1_base64="8NBIOrJC9Mbd8U9xRmto9GRP24U=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5REBT0WvXisYD+kDWWz3bRLdzdhdyOU 0F/hxYMiXv053vw3btoctPXBwOO9GWbmhQln2njet1NaWV1b3yhvulvbO7t7lf2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+Db3209UaRbLBzNJaCDwULKIEWys9Kj7mX92MXXdfqXq1bwZ0DLxC1KFAo1+5as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jEKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWuc136v595fV+k0RRxmO4BhOwYcrqMMdNKAJBAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fEwmPQg==</latexit>
s2,2
<latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5 aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTmdtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMF HM3orIGCtMjM0oD8FffnmVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit><latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5 aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTmdtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMF HM3orIGCtMjM0oD8FffnmVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit><latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5 aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTmdtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMF HM3orIGCtMjM0oD8FffnmVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit><latexit sha1_base64="dLpp+muw4IDKvrk9uBeVyRbbpM4=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5 aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvpFfea6g0rVq3lzoFXiF6QKBZqDyld/GJNUUGkIx1r3fC8xQYaVYYTTmdtPNU0wmeAR7VkqsaA6yOYHz9CZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/j0aMkWJ4VNLMF HM3orIGCtMjM0oD8FffnmVtOs136v595fVxk0RRxlO4BTOwYcraMAdNKEFBAQ8wyu8Ocp5cd6dj0VrySlmjuEPnM8fEwuPQg==</latexit>
s2,1
<latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit><latexit sha1_base64="VoJNQdAQEe2PxbD95RuD3nA+rdo=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LBbBg5SkCHosevFYwX5IG8pmu2mX7m7C7kYoob/CiwdFvPpzvPlv3LQ5aOuDgcd7M8zMC xPOtPG8b6e0tr6xuVXednd29/YPKodHbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbCyW3ud56o0iyWD2aa0EDgkWQRI9hY6VEPsvqFP3PdQaXq1bw50CrxC1KFAs1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPODZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQo/x4NmaLE8KklmChmb0VkjBUmxmaUh+Avv7xK2vWa79X8+8tq46aIoww ncArn4MMVNOAOmtACAgKe4RXeHOW8OO/Ox6K15BQzx/AHzucPEYSPQQ==</latexit>
s2,3
<latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl 9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit><latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl 9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit><latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl 9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit><latexit sha1_base64="ygBx6rH+F7k7AqluaQJU50CuhPA=">AAAB8HicbVBNS8NAEJ34WeNX1aOXxSJ4kJJUQY9FLx4r2A9pQ9lsN+3S3U3Y3Qgl 9Fd48aCIV3+ON/+NmzYHbX0w8Hhvhpl5YcKZNp737aysrq1vbJa23O2d3b398sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfJv77SeqNIvlg5kkNBB4KFnECDZWetT9rHZ+MXXdfrniVb0Z0DLxC1KBAo1++as3iEkqqDSEY627vpeYIMPKMMLp1O2lmiaYjPGQdi2VWFAdZLODp+jUKgMUxcqWNGim/p7I sNB6IkLbKbAZ6UUvF//zuqmJroOMySQ1VJL5oijlyMQo/x4NmKLE8IklmChmb0VkhBUmxmaUh+AvvrxMWrWq71X9+8tK/aaIowTHcAJn4MMV1OEOGtAEAgKe4RXeHOW8OO/Ox7x1xSlmjuAPnM8fFJKPQw==</latexit>
[19, 20]
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Figure 6: A right abstraction illustration
the nodes s1,1 and s1,2 are merged. The edge from {s1,1, s1,2} to s2,1 has weight [14, 20] which is
obtained by taking the convex hull of the values 7 and 10 and multiplying by 2.
Definition 8. Given an INN T = (1, {Si}i∈[1], {W li ,Wui }i∈[0]}, {bli, bui }i∈{1}) and
P which is a partition of the layer 1 of T , we define an INN rabs(T , P ) =
(1, {Sˆi}i∈[1], {Wˆ li , Wˆui }i∈[0], {bˆli, bˆui }i∈{1}), where
- Sˆ0 = S0, Sˆ1 = P ;
- ∀sˆ0 ∈ Sˆ0, sˆ1 ∈ Sˆ1, Ŵ l0(sˆ0, sˆ1) = min {W l0(sˆ0, s1) | s1 ∈ sˆ1}, and Ŵu0 (sˆ0, sˆ1) = max{Wu0 (sˆ0, s1) | s1 ∈ sˆ1};
- ∀sˆ1 ∈ Sˆ1, bˆl1(sˆ1) = min {bl1(s1) | s1 ∈ sˆ1}, and bˆu1 (sˆ1) = max {bu1 (s1) | s1 ∈ sˆ1}.
Figure 6 shows the right abstraction of the interval neural network in Figure 5, where the nodes s2,1
and s2,2 are merged. The edge from {s1,1, s1,2} to {s2,1, s2,2} has weight [14, 22] which is obtained
by taking the convex hull of the intervals [14, 20] and [16, 22]. Note that Figure 6 is the same as the
Figure 2 with restricted 2 layers 1 and 2.
Note that applying the left abstraction followed by right abstraction to the j-th layer of T gives us the
j-th layer of T/P . This is stated in the following lemma.
Lemma 2. rabs(labs(T , j, Pj), Pj+1) = (1, {Sˆi+j}i∈[1], {Wˆ li+j , Wˆui+j}i∈[0], {bˆli+j , bˆui+j}i∈{1}).
Proof of Lemma 1 relies on some crucial properties which we state below. The crux of the proof of
the correctness of left abstraction lies in the following proposition. It states that the contribution of
the values of a set of left nodes {s1, · · · , sn} on a right node s, can be simulated in a left abstraction
which merges {s1, · · · , sn} by the average of the values.
Proposition 1. Let v1, v2, . . . , vn and w1, w2, . . . , wn be real numbers. Let v¯ =
∑
i vi/n. There
exists a w such that nmini wi ≤ w ≤ nmaxi wi and
∑
i wivi = v¯w.
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Proposition 2. If (v1, v2) ∈ [|T |]i, then v2 ∈ Postlabs(T ,j,P )(AV(v1)).
Next, we state the correctness of rabs. Here we show that given any valuation v of the right layer
in the concrete system, any valuation vˆ ∈ AV(v) can be obtained in the abstraction. It relies on the
observation that vˆ(sˆ) is a convex combination of the mins∈sˆ v(s) and mins∈sˆ v(s), and the weight
interval of an abstract edge is a convex hull of the intervals of the corresponding concrete edges.
Proposition 3. Given an INN T with one layer, and a partition P of layer 1, if (v1, v2) ∈ [|T |], then
AV(v2) ⊆ Postrabs(T ,P )(v1).
Proofs are eliminated due to shortage of space and are provided in the supplementary material.
3.2 Encoding the interval neural network and MILP solver
In this section, we present a reduction of the range computation problem to solving a mixed integer
linear program. The ideas are similar to those in [3, 19] using the big-M method. However, since, our
weights on the edges are not unique but come from an interval, a direct application of the previous
encodings where the constant weights are replaced by a variable with additional constraints related to
the interval the weight variable is required to lie in, results in non-linear constraints. However, we
observe that we can eliminate the weight variable by replacing it appropriately with the minimum
and maximum values of the interval corresponding to it.
We encode the semantics of an INN T as a constraint Enc(T ) over the following variables. For every
node s of the INN T , we have a real valued variable xs, and we have a binary variable qs that takes
values in {0, 1}. Let Xi denote the set of variables {xs | s ∈ Si}, and Qi = {qs | s ∈ Si}. Given a
valuation v ∈ Val(Si), we will abuse notation and use v to also denote a valuation of Xi, wherein v
assigns to xs ∈ Xi, the valuation v(s), and vice versa. Let X = ∪iXi and Q = ∪iQi. Enc(T ) is the
union of the encodings of the different layers of T , that is, Enc(T ) = ∪iEnc(T , i), where Enc(T , i)
denotes the constraints corresponding to layer i of T . Enc(T , i) in turn is the union of constraints
corresponding to the different nodes in layer i + 1, that is, Enc(T , i) = ∪s′∈Si+1Ci+1s′ , where the
constraints in Ci+1s′ are as below:
Ci+1s′ :
{∑
s∈Si W
l
i (s, s
′)xs + bli(s
′) ≤ xs′ , 0 ≤ xs′∑
s∈Si W
u
i (s, s
′)xs + bui (s
′) +Mqs′ ≥ xs′ , M(1− qs′) ≥ xs′ (1)
Here, M is an upper bound on the absolute values any neuron can take (before applying the ReLU
operation) for a given input set. It can be estimated using the norms of the weights interpreted as
matrices, that is, ‖W li ‖ and ‖Wui ‖, an interval box around the input polyhedron, and the norms of
biases.
Next, we state and prove the correctness of the encoding. More precisely, we show that (v, v′) ∈ [|T |]i
if and only if there are valuations for the variables inQi such that the constraints Enc(T, i) are satisfied
when the values for Xi and Xi+1 are provided by v and v′.
Theorem 2. Let v ∈ Val(Si) and v′ ∈ Val(Si). Then (v, v′) ∈ [|T |]i if and only if there is a valuation
z ∈ Val(Qi), such that Enc(T, i) is satisfied with values v, v′ and z.
We can now compute the output range analysis by solving a maximization and a minimization
problem for each output variable. More precisely, for each s ∈ Sk, the output layer, we solve: maxxs
such that Enc(T ) and I hold, where I is a constraint on the input variables encoding the set of input
valuations. Similarly, we solve a minimization problem, and thus obtain an output range for the
variable xs given the input set of valuations I. The maximization and minimization problems can
be solved using mixed integer linear programming (MILP) if I is specified using linear constraints.
Even checking satisfiability of a set of mixed integer linear constraints is NP-hard problems, however,
there are commercial software tools that solve MILP such as Gurobi and CPLEX.
4 Implementation
In this section, we present our experimental analysis using a Python toolbox that implements the
abstraction procedure and the reduction of the INN output range computation to MILP solving. We
consider as a case study ACAS Xu benchmarks, which are neural networks with 6 hidden layer with
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each layer consisting of 50 neurons [2]. We report here the results with one of the benchmarks, we
observed similar behavior with several other benchmarks.
We consider abstractions of the benchmark with different number of abstract nodes, namely,
2, 4, 8, 16, 32, which are generated randomly. For a fixed number of abstract nodes, we perform 30
different random runs, and measure the average, maximum and minimum time for different parts of
the analysis. Similarly, we compute the output range for a fixed number of abstract nodes, and obtain
the average, maximum and minimum on the lower and upper bound of the output ranges. The lower
bound was unanimously 0, hence, we do not report it here. The results are summarized in Figures
7, 8, 9, and 10.
As shown in Figure 7, the abstraction construction time increases gradually with the number of
abstract neurons. We observe a similar trend with encoding time. However, the time taken by
Gurobi to solve the MILP problems increases drastically after certain number of abstract nodes.
Also, as shown in Figure 9, the MILP solving time by Gurobi is the most expensive part of the
overall computation. Since, this is directly proportional to the number of abstract nodes, abstraction
procedure proposed in the paper, has the potential to reduce the range computation time drastically.
In fact, Gurobi did not return when ACAS Xu benchmark was encoded without any abstraction, thus,
demonstrating the usefulness of the abstraction.
0 5 10 15 20 25 30 35
Number of abstract nodes
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
0.2
Ab
st
ra
ct
 T
im
e
minAbstracTime
maxAbstracTime
avgAbstracTime
Figure 7: Abstraction Time
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Figure 10: Output Range
We compare output ranges (upper bounds) based on different abstractions. The upper bound of the
output range decreases as we consider more abstract nodes, since, the system becomes more precise.
In fact, it decreases very drastically in the first few abstraction. We compute the average, minimum
and maximum of the upper bound on the output range. Even for a fixed number of abstract nodes, the
maximum and minimum of the upper bound on the output range among the random runs has a wide
range, and depends on the specific partitioning. For instance, as seen in the Figure 10, although we
have only 2 partitions, the upper bound on the output range varies by a factor of 2. This suggest that
the partitioning strategy can play a crucial role in the precision of output range. Hence, we plan to
explore partitioning strategies in the future. To conclude, our method provides a trade-off between
verification time and the precision of the output range depending on the size of the abstraction.
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5 Conclusions
In this paper, we investigated a novel abstraction techniques for reducing the state-space of neural
networks by introducing the concept of interval neural networks. Our abstraction technique is
orthogonal to existing techniques for analyzing neural networks. Our experimental results demonstrate
the usefulness of abstraction procedure in computing the output range of the neural network, and the
trade-off between the precision of the output range and the computation time. However, the precision
of the output range is affected by the specific choice of the partition of the concrete nodes even for
a fixed number of abstract nodes. Our future direction will consist of exploring different partition
strategies for the abstraction with the aim of obtaining precise output ranges. In addition, we will
consider more complex activation function. Our abstraction technique will extend in a straightforward
manner, however, we will need to investigate methods for analyzing the “interval” version of the
neural network for these new activation functions.
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6 Supplementary material
Proof of Proposition 1. Let w =
∑
i wivi/v¯. Then it trivially satisfies
∑
i wivi = v¯w. Let
wmin = mini wi and wmax = maxi wi. We need to show that nwmin ≤ w ≤ nwmax. Note that
w =
∑
i wivi/v¯ ≥
∑
i wminvi/v¯ = wmin
∑
i vi/v¯ = wminnv¯/v¯ = nwmin. Similarly, we can show
that w =
∑
i wivi/v¯ ≤ nwmax. The following proposition captures the relation between a layer of
the concrete system and its left abstraction.
Proof of Proposition 2. Let (v1, v2) ∈ [|T |]i. Let S0 and S1 be the left and right layers of labs(T , j,
P ), respectively. From the definition of the semantic of INN given by Definition 3, we know that
for any s′ ∈ S1, v2(s′) = σ(
∑
s∈S0 ws,s′v1(s) + bs′), where for every s, W
l
0(s, s
′) ≤ ws,s′ ≤
Wu0 (s, s
′), bl1(s
′) ≤ bs′ ≤ bu1 (s′). We can group together all neurons that are merged together in
P , and rewrite the above as v2(s′) = σ(
∑
sˆ∈P
∑
s∈sˆ ws,s′v1(s) + bs′). From Proposition 1, we can
replace
∑
s∈sˆ ws,s′v1(s) by vsˆwsˆ, where vsˆ =
∑
s∈sˆ v1(s)/|sˆ| andwsˆ is such that |sˆ|mins∈sˆ ws,s′ ≤
wsˆ ≤ |sˆ|maxs∈sˆ ws,s′ . Consider a valuation vˆ1, where vˆ1(sˆ) = vsˆ =
∑
s∈sˆ v1(s)/|sˆ|. Since, the
average is in between the minimum and maximum values, vˆ1 ∈ AV(v1). Now v2 can be rewritten
using vˆ1 as v2(s′) = σ(
∑
sˆ∈P vsˆwsˆ + bs′) = σ(
∑
sˆ∈P vˆ1(sˆ)wsˆ + bs′), where |sˆ|mins∈sˆ ws,s′ ≤
wsˆ ≤ |sˆ|maxs∈sˆ ws,s′ . Since ws,s′ also satisfies |sˆ|mins∈sˆW l0(s, s′) ≤ wsˆ ≤ |sˆ|maxs∈sˆ Wu0 (s, s′),
we see that v2 ∈ Postlabs(T ,j,P )(AV(v1)) (since, v2 and vˆ1 satisfy the semantics of labs(T , j, P )).
Proof of Proposition 3. Consider vˆ2 ∈ AV(v2). Then vˆ2(sˆ′) = αv2(s′1) + (1− α)v2(s′2), where
s′1 is the node in sˆ
′ for which v2 at the node is the minimum and s′2 is the node in sˆ
′ for which
v2 at the node is the maximum. Let S0 and S1 be the nodes in the left and right layers of T .
v2(s
′
i) = σ(
∑
s∈S0 ws,s′iv1(s) + bs′i), where for every s, W
l
0(s, s
′
i) ≤ ws,s′i ≤Wu0 (s, s′i), bl1(s′i) ≤
bs′i ≤ bu1 (s′i). vˆ2(sˆ′) = αv2(s′1) + (1 − α)v2(s′2) = ασ(
∑
s∈S0 ws,s′1v1(s) + bs′1) + (1 −
α)σ(
∑
s∈S0 ws,s′2v1(s) + bs′2). Let us first consider the case where the expressions within σ are
non-negative. Then vˆ2(sˆ′) = α(
∑
s∈S0 ws,s′1v1(s) + bs′1) + (1 − α)(
∑
s∈S0 ws,s′2v1(s) + bs′2) =∑
s∈S0(αws,s′1 +(1−α)ws,s′2)v1(s)+(αbs′1 +(1−α)bs′2) =
∑
s∈S0 ws,s′1,s′2v1(s)+bs′1,s′2), where
ws,s′1,s′2 = (αws,s′1 + (1− α)ws,s′2) and bs′1,s′2 = αbs′1 + (1− α)bs′2 . Note that ws,s′1,s′2 and bs′1,s′2
are in the edge weights and biases of the abstract system. If
∑
s∈S0 ws,s′2v1(s) + bs′2 is negative,
then v2(s′2) = v2(s
′
1) = 0, hence, vˆ2(sˆ
′) = 0 can be simulated using either the values used to obtain
v2(s
′
1) or v2(s
′
2). If v2(s
′
1) = 0, but v2(s
′
2) > 0, then we note that
∑
s∈S0 ws,s′1v1(s) + bs′1) ≤ 0
and (
∑
s∈S0 ws,s′2v1(s) + bs′2) > 0, any linear combination of the two can still be obtained using v1,
and (1− α)(∑s∈S0 ws,s′2v1(s) + bs′2) is between the two values and can be obtained from v1, and
further, applying σ would give us v2(s′2).
Proof of Lemma 1. Suppose (v, v′) ∈ [|T |]i. Then from Proposition 2, we have
v′ ∈ Postlabs(T ,i,Pi+1)(AV(v)), and further, from Proposition 3, we have AV(v′) ⊆
Postrabs(labs(T ,i,Pi+1),Pi)(AV(v)). Finally, from Lemma 2, we obtain that AV(v
′) ⊆ PostT/P,i(AV(v)).
Proof of Theorem 1. Suppose (v, v′) ∈ [|T |], then there exists a sequence of valuations
v0, v1, · · · , vk, where v0 = v′ and vi ∈ PostT ,i(vi−1) for i > 0. From Lemma 1, we know
that since (vi, vi+1) ∈ [|T |]i, AV(vi+1) ⊆ PostT/P,i(AV(vi)). Since, [|T |] is the composition of
[|T |]i, we obtain that AV(vk) ⊆ PostT/P (AV(v0)). If the nodes in the input and output layer are not
merged, then, AV(v0) = {v0} = {v} and AV(vk) = {vk} = {v′}. Therefore, (v, v′) ∈ [|T |].
Proof of Theorem 2. First, let us prove that if (v, v′) ∈ [|T |]i, then there is a valuation z ∈ Val(Qi),
such that Enc(T, i) is satisfied with values v, v′ and z. In fact, it suffices to fix an s′ and show that
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Ci+1s′ is satisfied by v, v
′(s′) and z(qs′). First, note that v′(s′) ≥ 0 since it is obtained by applying
the ReLU function, so the second constraint in Ci+1s′ is satisfied. From the semantics, we know
that v′(s′) = σ(
∑
s∈Si ws,s′v(s) + bs′), where W
l
i (s, s
′) ≤ ws,s′ ≤ Wui (s, s′) and bli(s′) ≤ bs′ ≤
bui (s
′). Hence, σ(
∑
s∈Si W
l
i (s, s
′)v(s) + bli(s
′)) ≤ v′(s′) ≤ σ(∑s∈Si Wui (s, s′)v(s) + bui (s′)).
Let v′′(s′) =
∑
s∈Si ws,s′v(s) + bs′ , that is, v
′(s′) = σ(v′′(s′)).
Case v′′(s′) ≥ 0: v′(s′) = v′′(s′) and we have ∑s∈Si W li (s, s′)v(s) + bli(s′) ≤ v′(s′) ≤∑
s∈Si W
u
i (s, s
′)v(s) + bui (s
′). Hence, for z(qs′) = 0, the first, third and fourth constraints in
Ci+1s′ are satisfied.
Case v′′(s′) < 0: In this case, v′(s′) = 0 and we set z(qs′) = 1.
∑
s∈Si W
l
i (s, s
′)v(s) +
bli(s
′) ≤ ∑s∈Si ws,s′v(s) + bs′ = v′′(s′) < 0 = v′(s′), so the first constraint is satisfied.∑
s∈Si W
u
i (s, s
′)v(s) + bui (s
′) + Mqs′ =
∑
s∈Si W
u
i (s, s
′)v(s) + bui (s
′) + M . Since, M is an
upperbound on the absolute value of xs′ before applying the ReLU operation,
∑
s∈Si W
u
i (s, s
′)v(s)+
bui (s
′) +M is positive, and hence, satisfies the third constraint. The fourth constraint is satisfied by
the choice of M , that is, M ≥ xs′ .
Next, we prove the other direction. Suppose Ci+1s′ is satisfied for every s
′ by some v, v′, z, then we
show that (v, v′) ∈ [|T |]i.
Case z(qs′) = 0: In this case, we have
∑
s∈Si W
l
i (s, s
′)xs + bli(s
′) ≤ xs′ ≤
∑
s∈Si W
u
i (s, s
′)xs +
bui (s
′). Since, ReLU is a monotonic function and xs′ > 0 by the second constraint, we have σ(xs′) =
xs′ and hence, σ(
∑
s∈Si W
l
i (s, s
′)xs + bli(s
′)) ≤ xs′ ≤ σ(
∑
s∈Si W
u
i (s, s
′)xs + bui (s
′)). Hence,
xs′ = σ(
∑
s∈Si ws,s′xs + bs′) for some W
l
i (s, s
′) ≤ ws,s′ ≤ Wui (s, s′) and bli(s′) ≤ bs′ ≤ bui (s′).
Hence, v′(s′) is obtained from v using the definition of [|T |]i.
Case z(qs′) = 1: In this case, xs′ = 0 and
∑
s∈Si W
l
i (s, s
′)xs + bli(s
′) ≤ xs′ = 0. Therefore
σ(
∑
s∈Si W
l
i (s, s
′)xs + bli(s
′)) = 0 = xs′ , therefore v′(s′) is obtained from v using the definition
of [|T |]i.
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